Smoothed Number of Extreme Points under Uniform Noise

Valentina Damerow^{a,b}, Christian Sohler^{b,1},

aPaSCo Graduate School and bHEINZ NIXDORF INSTITUTE, Computer Science Department, University of Paderborn, D-33102 Paderborn, Germany

Abstract

We analyze the maximal expected number of extreme points of a point set P in R^d that is slightly perturbed by random noise. We assume that each point in P is uniformly distributed in an axis-aligned hypercube of side length 2ϵ centered in the unit hypercube (the center of the hypercube can be regarded as the point position without noise). Our model is motivated by the fact that in many applications the input data is inherently noisy, e.g. when the data comes from physical measurement or imprecise arithmetic is used. For this input distribution we derive an upper bound of O((n · log n/ϵ)^{1−1/(d+1)}) on the number of extreme points of P .

Key words: Randomization, Smoothed Analysis

1. Introduction

The convex hull of a point set in the ddimensional Euclidean space is one of the fundamental combinatorial structures in Computational Geometry. Many of its properties have been studied extensively in the last decades. In this paper we are interested in the number of vertices of the convex hull of a random point set, sometimes referred to as the number of extreme points of the point set. It is known since nearly 30 years that the number of extreme points of a point set drawn uniformly at random from the (unit) hypercube is O(log^{d−1} n), cf. [1]. The number of extreme points has also been studied for many other input distributions, e.g. for Gaussian normal distribution. In this paper we consider the expected number of extreme points when each input point is chosen from a (possibly) different small subcube of the unit hypercube. We can think of this input distribution as resulting from some point set P (defined by the centers of the subcubes), where each point is afflicted with some small random noise. Our

Email addresses: vio@upb.de (Valentina Damerow),

csohler@upb.de (Christian Sohler).

1 Partially supported by DFG project 872-8/2 and IST program of the EU under contract IST-1999-14186 (ALCOM-FT).

model is motivated by the fact that in many applications the input data is inherently noisy, e.g. when the data comes from physical measurement or imprecise arithmetic is used.

1.1. Related Work

Several authors have treated the structure of the convex hull of n random points. In 1963/64 Rényi and Sulanke, [8] and [9], were the first to present the mean number of extreme points in the planar case for different stochastic models. They showed for n points uniformly chosen from a convex polygone with r vertices a bound of r · log n. This work was continued by Efron [4], Raynaud [6] and [7], and Carnal [2] and extended to higher dimensions. For further information we refer to the excellent book [10] by Santaló.

In 1978 Bentley, Kung, Schkolnick and Thompson [1] showed that the expected number of extreme points of n i.i.d. random points in d space is O(ln^{d−1} n) for fixed d for some general probability distributions. Har-Peled gave in [5] a different proof of this result. Both results are based on the computation of the expected number of maximal points (cf. Section 3).

The concept of smoothed analysis was introduced in 2001 by Spielman and Teng [11]. In 2003

20th EWCG Seville, Spain (2004)

20th European Workshop on Computational Geometry

this concept was applied to the number of changes to the combinatorial describtion of the smallest enclosing bounding box of a moving point set [3] where different probability distributions for the random noise were considered. This work already covers the two dimensional case of this paper’s problem. By considering moving points the two dimensional problem was reduced to a one dimensional probelm. The general extension to higher dimensions holds some non trivial difficulties even for the case when uniformle distributed noise is considered.

2. Problem Statement and Uniform Case

Let P := {p_1, . . . , p_n} denote a point set in the unit hypercube [0, 1]^d and let V(P ) be the number of extreme points (i.e., the number of vertices of the convex hull) of P . Furthermore, let r_1, . . . , r_n be i.i.d. random vectors chosen uniformly at random from [−ϵ, ϵ]^d and let ~p_1 := p_1+r_1, . . . , ~p_n := p_n +r_n be the perturbed points and ~P the set of perturbed points. Then we define the smoothed number of extreme points to be V( ~P ) := max_P E[V( ~P )].

Our bounds are based on the following observation: A point p ∈ P is not extreme, if each of the 2^d orthants centered at p contains at least one point. In this case, we say that p is not maximal. It follows immediatly that the number of maximal points is an upper bound on the number of extreme points. Therefore, we will from now on count the number of maximal points.

Fig. 1. ’A point in three dimensional space has eight orthants.’ and ’Every extreme point is also a maximal point.’

As a warm-up we illustrate our approach on the well-understood case of n points chosen uniformly at random from the d-dimensional unit hypercube. We show how to obtain in this case an upper bound of O(log^{d−1} n) on the number of maximal points and hence on the number of extreme points.

Theorem 1 Let P = {p_1, . . . p_n} be a set of n points chosen uniformly at random from the ddimensional unit hypercube. Then the expected number of extreme points of P is O(log^{d−1} n) for fixed dimension d.

Proof : To prove the theorem we show that

Pr[p_i is maximal] = O(log^{d−1} n/n) . (1)

By linearity of expectation it follows immediately that the number of extreme points is O(log^{d−1} n). To prove (1) we consider the probability that a fixed orthant ø(p_i) centered at p_i is empty. Using a standard union bound we get

Pr[p_i is maximal] ≤ 2^d · Pr[ø(p_i) is empty] .

Wlog. we now fix orthant ø(p_i) := ∏_d j=1[−∞, p^{(j)}_i ].

We can write the probability that ø(p_i) is empty as an integral in the following way: consider p_i having the coordinates (x^{(1)}, . . . , x^{(d)}). The probability for any other point p_k ∈ P \ {p_i} to be not in ø(p_i) is then equal to 1 − x^{(1)} · x^{(2)} · · · x^{(d)}. Since there are n − 1 other points in P the probability that ø(p_i) is empty is exactly ∫_1 0 · · · ∫_1 0 (1 − x^{(1)} · · · x^{(d)})^{n−1}dx^{(1)} · · · dx^{(d)} . (2)

We solve this integral by repeatetd substitution and demonstrate this on the 2 dimensional integral. We start with the integral

∫_1 0 ∫_1 0 (1 − xy)^{n−1}dxdy and substitute in a first step 1 − xy =: z = z(x) which gives us dz = −y · dx and z(0) = 1 and z(1) = 1 − y:

∫_1 0 ∫_1 0 (1 − xy)^{n−1}dxdy = ∫_1 0 ∫_1 1−y z^{n−1} y dzdy = ∫_1 0 [ 1 n · z^n y ]_1 1−y dy = 1 n ∫_1 0 1 y · (1 − (1 − y =: z

)^n)dy .

Now we substitute 1 − y =: z = z(y) and we get dz = −1 · dy and z(0) = 1 and z(1) = 0: 1 n ∫_1 0 1 1 − z · (1 − z^n)dz = 1 n ∫_1 0 n−1∑ i=0 z^idz = 1 n [_{n−1} ∑ i=0 z^{i+1} i + 1

]_1 0 = 1 n n∑ i=1 1 i = log n + O(1) n .

March 25-26, 2004 Seville (Spain)

Since there are 4 quadrants and n points it follows that the expected number of maximal points in the planar case is O(log n).

The d-dimensional integral (2) boils down to the sum 1 n n∑ i_1 =1 1 i_1

i_1∑

i_2 =1 1 i_2 · · · i_{d−2}∑

i_{d−1} =1 1 i_{d−1} = O ( log^{d−1} n n ) , which proves the theorem. □

3. Smoothed Number of Extreme Points

We now want to apply the same approach to obtain an upper bound on the smoothed number of extreme points. We consider again a perturbed point ~p_i = p_i + r_i, where p_i = (p^{(1)}_i , . . . , p^{(d)}_i ) ∈ [0, 1]^d and r_i a random vector chosen uniformly from [−ϵ, ϵ]^d. It follows that ~p_i lies in the hypercube ∏_d j=1[p^{(j)}_i − ϵ, p^{(j)}_i + ϵ] =: phc(p_i) which we want to call the perturbation hypercube of point p_i.

Now we recall that ø( ~p_i) = ∏_d j=1[−∞, ~p_i^{(j)}]. For any other perturbed point ~p_k = p_k + r_k, i ≠ k, the probability that ~p_k does not lie in ø( ~p_i) is

Pr[ ~p_k /∈ ø( ~p_i)] = ∫ I( ~pi,pk ) ( 1 2ϵ )_d dy where I( ~p_i, p_k) is the set of all valid positions for ~p_k not lying in ø( ~p_i), i.e. I( ~p_i, p_k) = phc(p_k) − ø( ~p_i). Note that 1/(2ϵ)^d is the probability density of ~p_k. We get

Pr[ø( ~p_i) is empty] = ∫ phc(p_i) ( 1 2ϵ )_d · ( ∏ k≠i ∫ I(x,p_k) ( 1 2ϵ )_d dy ) dx . The main idea is now to subdivide the unit hypercube into m = 1/δ^d smaller axis-aligned hypercubes of sidelength δ. Then we subdivide P into sets C_1, . . . , C_m where C_ℓ is the subset of P that is located (before the perturbation) in the ℓ-th small hypercube (we assume some ordering among the small hypercubes). Now we can calculate the expected number D(C_ℓ) of maximal points for the sets C_ℓ and use V( ~P ) ≤ m∑ ℓ=1 V( ~C_ℓ) ≤ m∑ ℓ=1 D( ~C_ℓ) (3) to obtain an upper bound on the expected number of extreme points in ~P . The advantage of this approach is that for small enough δ the points in a single small hypercube behave almost as in the uniform random case.

We now want to compute the expected number of extreme points for the sets C_ℓ. We assume wlog. that C_ℓ is the hypercube [0, δ]^d. Let δ̄ = (δ, . . . , δ) and ¯0 = (0, . . . , 0) etc. We now want to find an upper bound on the probability that ø( ~p_i) is empty. This probability is maximized, if p_i = ¯0 and p_k = δ̄ for every p_k ∈ C_ℓ, i ≠ k. Hence, we get

Pr[ø( ~p_i) is empty] ≤ ∫ phc(¯0) ( 1 2ϵ )_d · (∫ I(x,δ̄) ( 1 2ϵ )_d dy )_{n−1} dx . Using I(x, δ̄) = [δ − ϵ, δ + ϵ]^d − ∏_d j=1[−∞, x^{(j)}] = ∏_d j=1[max{δ − ϵ, x^{(j)}}, δ + ϵ] we can write the integral as ∫ [−ϵ,ϵ]^d ( 1 2ϵ )_d · ( ∑ I⊆[d] (−1)^{|I|+1} ·

∫_{(δ+ϵ)I}

max{(δ−ϵ)_I,x_I} ( 1 2ϵ )_{|I|} dy_I )_{n−1} dx (4)

where the subscript I for a variable denotes the |I| dimensional projection of the variable to the coordinates in I, i.e. x_I = (x^{(j1 )}, . . . , x^{(jt )}) for I = {j_1, . . . , j_t}, and the maximum is taken coordinate wise. Let

F(x, j) := ∑ I⊆[d−j] (−1)^{|I|+1}

∫_{(δ+ϵ)I} (δ−ϵ)_I ( 1 2ϵ )_{|I|} dy_I

+ ∑ I⊆[j] (−1)^{|I|+1}

∫_{(δ+ϵ)I}

x_I ( 1 2ϵ )_{|I|} dy_I .

We can rewrite the integral (4) now in the form d∑ j=0 ( d j ) · ∫_{δ−ϵ} −ϵ · · · ∫_{δ−ϵ} −ϵ d−j

∫_ϵ δ−ϵ · · · ∫_ϵ δ−ϵ j ( 1 2ϵ )_d · F(x, j)^{n−1}dx . (5) Next we want to calculate this integral. Again we will use repeated substitution. We obtain the

20th European Workshop on Computational Geometry

following result, which we prove only for the one dimensional case (the complete proof is deferred to the full version of this paper).

Lemma 2 Let C_ℓ ⊆ P be a set of c_ℓ points in the hypercube [0, δ]^d before the perturbation takes place. The smoothed number of extreme points in ~C_ℓ is at most V( ~C_ℓ) ≤ D( ~C_ℓ) ≤ c_ℓ · 2^d · ( d · δ 2ϵ + log^{d−1} c_ℓ c_ℓ ) . Proof :(only the 1-dimensional case)

Let us consider the one dimensional integral. From (5) we have ∫_{δ−ϵ} −ϵ 1 2ϵ · ( ∫_{δ+ϵ} δ−ϵ 1 2ϵ dy )_{n−1} dx + ∫_ϵ δ−ϵ 1 2ϵ · ( ∫_{δ+ϵ} x 1 2ϵ dy )_{n−1} dx = ∫_{δ−ϵ} −ϵ 1 2ϵ dx + ∫_ϵ δ−ϵ 1 2ϵ · ( 1 2ϵ · (δ + ϵ − x =: z ) )_{n−1} dx .

The first integral solves to δ/(2ϵ). In the second integral we substitute δ + ϵ − x =: z = z(x) and we get dz = −1 · dx and z(δ − ϵ) = 2ϵ and z(ϵ) = δ. Thus it is ∫_ϵ δ−ϵ 1 2ϵ · ( 1 2ϵ · (δ + ϵ − x) )_{n−1} dx = ∫_{2ϵ} δ ( 1 2ϵ )_n · z^{n−1} dz = 1 n · ( 1 − ( δ 2ϵ )_n) . It follows that in the one dimensional case the probability for a point to be maximal is at most 2 · ( δ 2ϵ + 1 n ) . □ We can now conclude from (3) and Lemma 2 that V( ~P ) ≤ 1/δ^d∑

ℓ=1 c_ℓ · 2^d · ( d · δ 2ϵ + log^{d−1} c_ℓ c_ℓ ) . Our main theorem follows choosing δ = O (( ϵ · log^{d−1} n d · n )_{1/d}) .

Theorem 3 The smoothed number of extreme points of a set ~P of n perturbed points in d dimensional space with start points from the unit hypercube and under uniform noise from [−ϵ, ϵ]^d is V( ~P ) = O ( ( n · log n ϵ )_{1−} 1_{d+1} ) .

References

[1] Bentley, J. L., Kung, H. T., Schkolnick, M., and Thompson, C. D. On the average number of maxima in a set of vectors. J. Assoc. Comput. Mach. 25 (1978), 536–543.

[2] Carnal, H. Die konvexe Hülle von n rotationssymmetrisch verteilten Punkten. Z. Wahrscheinlichkeitsth. 15 (1970), 168–176.

[3] Damerow, V., Meyer auf der Heide, F., Räcke, H., Scheideler, C., and Sohler, C. Smoothed motion complexity. In Proceedings of the 11th European Symposium on Algorithms (ESA) (2003), pp. 161–171.

[4] Effron, B. The convex hull of a random set of points.

Biometrika 52 (1965), 331–343.

[5] Har-Peled, S. On the extected complexity of random convex hulls. Tech. Rep. 330, School Math. Sci., Tel- Aviv Univ., Tel-Aviv, Israel, 1998.

[6] Raynaud, H. Sur le comportement asymptotique de l’enveloppe convexe d’un nuage de points tirés au hasard dans R^n. C. R. Acad. Sci. Paris 261 (1965), 627–629.

[7] Raynaud, H. Sur l’enveloppe convexe des nuages de points aléatoires dans R^n. J. Appl. Prob. 7 (1970), 35–48.

[8] Rényi, A., and Sulanke, R. Über die konvexe Hülle von n zufällig gewählten Punkten I. Z. Wahrscheinlichkeitsth. 2 (1963), 75–84.

[9] Rényi, A., and Sulanke, R. Über die konvexe Hülle von n zufällig gewählten Punkten II. Z. Wahrscheinlichkeitsth. 3 (1964), 138–147.

[10] Santaló, L. A. Integral Geometry and Geometric Probability. Addison-Wesley Publishing Company, 1976.

[11] Spielman, D., and Teng, S. Smoothed analysis of algorithms: Why the simplex algorithm usually takes polynomial time. In Proceedings of the 33rd ACM Symposium on Theory of Computing (STOC) (2001), pp. 296–305.