On the equipartitions of convex bodies and convex polygons^∗

Roser Guàrdia^† Ferran Hurtado^‡

Abstract

In this paper we consider the equipartitions of plane convex bodies by means of chords, i. e. partitions produced by chords in such a way that all resulting pieces have equal area. We prove two basic results about the combinatorial structure of the pieces and the chords.

The problem of partitioning plane convex bodies into equal area pieces has been object of extensive research, especially from the pure geometry viewpoint [4, 6, 7, 8, 10, 13, 16], but also regarding the algorithmic issues [5, 15]. Extensions to non-convex bodies, simultaneous partition of area and perimeter, and discrete weights for the pieces, have also been considered [1, 2, 3, 14].

In this work we study the partitions determined by means of chords. The first question that arises is to know when there exists a solution, that is to say which properties have the sets of chords that divide the convex set into subsets of the same area. When the body is not a triangle and the chords are non crossing, we prove the following result:

Theorem 1 The dual tree of a partition of a plane convex body, different from a triangle, by means of m non crossing chords, into m + 1 equal area pieces, is a path.

∗Partially supported by Proyectos DGES-MEC PB96-0005-C02-02 and DGES-MEC PB98-0933.

†Dpt. de Matemàtica Aplicada III, Universitat Politècnica de Catalunya, e-mail: m.del.roser.guardia@upc.es ‡Dpt. de Matemàtica Aplicada II, Universitat Politècnica de Catalunya, e-mail: hurtado@ma2.upc.es

Fig. 1 Not all the pieces in the partition have equal area, because the dual tree is not a path.

We equivalently prove that any partition of a convex body, different from a triangle, by a set of non crossing chords, has at most two extreme regions, i.e. regions bounded by the boundary of the body and only one chord.

When the object is a triangle the theorem also applies, with the only exception of the partition into four pieces induced by the three segments connecting midpoints of the sides. This fact gives the basic argument in the proof of the general theorem.

The existence of partitions of convex sets into equal area pieces, by a set of chords with a common point interior to the object, has been studied in connection with measures of symmetry of plane convex bodies [10]. It has been shown that for m ≤ 3 chords there exists always a solution. This result is obtained as a consequence of the Borsuk-Ulam theorem for m ≤ 2. E. F. Buck and R. C. Buck [4] proved that for each plane convex body K there exists at least three straight lines with a common point such that each of the six wedges determines a piece of K with area equal to one-sixth of the area of K. Such a point is called a six-partite point of K. Eggleston studied some properties of these points and proved that a given convex set may have more than one six-partite point [6, 7], in fact it might even have a set of six-partite points with positive linear measure.

No characterization of convex sets that admit more than three lines through a common interior point, dividing the body into subsets of equal area, seems to be known.

We show here that there is no solution for the set of non centrally symmetric convex n-gons for m > n chords. When the problem has solution the straight lines determined by the chords are area-bisectors of the polygon, that is, each of them cuts it into two pieces of equal area. Let n(p) be the number of area-bisectors of P through a point p ∈ P . The existence of polygons such that there is an interior point p with a given number of bisectors through p, has been considered by Goldberg [8]. We have shown that max {n(p) | p ∈ P } is finite and at most equal to the number of inflection points of the dual curve of the family of lines that bisect the polygon [11, 12, 5, 2], which is less or equal than the number of vertices of the polygon.

Proposition 2 Given a convex n-gon P , not centrally symmetric, let S be a set of chords with a common interior point to P that divide P into subsets of equal area, and let c be the number of inflection points of the dual curve of the family of lines that bisect P . Then cardS ≤ c ≤ n.

As an immediate consequence we get:

Theorem 3 A convex n-gon P admits no equipartition by means of m > n chords through a common point interior to P .

Fig. 2 Not all the pieces in the partition have equal area, because the number of chords is greater than the number of polygon edges.

More geometric results, as well as algorithms for existence and total length minimization, for some specific configurations, are described in [9]. It is worth mentioning that numerical troubles arise, even for a combinatorially fixed situation, when there is no unicity of the solution.

References

[1] J. Akiyama, E. Rivera-Campo, G. Nakamura and J. Urrutia, Perfect division of a cake, Proc. 10th Canad. Conf. Comput. Geom., 1998.

[2] K. F. Böhringer, B. R. Donald and D. Halperin, On the area bisectors of a polygon, Discrete Comput. Geom. 22, pp. 269-285, 1999.

[3] P. Bose, J. Czyzowicz, E. F. Kranakis,D. Krizanc and A. Maheshwari, Polygon cutting revisited, Japanese Conference on Discrete and Computational Geometry, 1998.

[4] R.C. Buck and E. F. Buck, Equipartition of convex sets, Math. Mag., 22, pp. 195-198, 1948/49.

[5] M. Díaz and J. O’Rourke, Ham-sandwich sectioning of polygons, Proc.

2nd Canad. Conf. Comput. Geometry, pp. 282-286, 1991.

[6] H. G. Eggleston, Problems in Euclidean Space: Application of convexity. Pergamon Press, New York, 1957.

[7] H. G. Eggleston, Convexity, Cambridge Univ. Press, 1958.

[8] M. Goldberg, On area-bisectors of plane convex sets, Amer.

Math.Monthly, 70 (1963), 529-531.

[9] R. Guàrdia, Several problems on partitioning and inscribing geometric objects, Ph. D. Thesis, Univ. Politècnica de Catalunya, in preparation.

[10] B. Grünbaum, Measures of symmetry for convex sets. Proc. Sympos.

Pure Math., Vol. 7, 233-270, Amer.Math.Soc., Providence, R.I., 1963.

[11] B. Grünbaum, Continuous families of curves. Canad.J.Math.,18, (1966),.529-537.

[12] B. Grünbaum, Arrangements and spreads. , Conf. Board of the Mathematical Sciences, Regional Conf. Series in Mathematics, n. 10 (Amer. Math. Soc., Providence, R.I.,1972).

[13] D. J. Newman. Partitioning of areas by straight lines. Abstract 548-108, Notices Amer. Math. Soc., 5 (1958) 510.

[14] T. C. Shermer, A linear time algorithm for bisecting a polygon, Inform.

Process. Lett., 41, pp. 135-140, 1992.

[15] I. Stojmenoviĉ, Bisections and ham-sandwich cuts of convex polygons and polyhedra, Inform. Process. Lett., 36, pp.187-197, 1989.

[16] K. Zarankiewicz, Bisection of plane convex sets by lines, Wiadom. Mat., Ser.2, 2,(1959), 228-234 (in Polish).