Convex hull in non-planar surfaces

J.C. Dana^1, C.I. Grima^2 and A. Márquez^1

Being a basic and natural concept, the convex hull has many applications as well as a rich mathematical theory behind it. The computation of the convex hull of a set has been studied extensively and has applications, for example, in pattern recognition [1], image processing [8] and stock cutting and allocation [3, 9, 4]. Motion planning is another applied subject for wich convex hull provides an appropiate tool, for example, in collision avoidance [7], and a subfield of motion planning of considerable practical interest is planning the motion of an articulated robot arm. However, in most of the cases, the trajectory of the arm is not in the plane, but it is in a non-planar surface. Then, it is interesting to consider the convex hull on some surfaces, as the cylinder and the torus.

Several extensions of convexity to non-planar surfaces (or to non-euclidean spaces) has been considered in the literature. Most of them are based on metrical concepts, and more concretely, in the family of geodesics of the surface. In this talk, we deal with those extensions in the case of two of the simplest surfaces, the cylinder and the torus.

In order to describe the family of geodesics, as usual, we identify the cylinder with the quotient space obtained from the plane by identifying those points with the same ordinate such that their abscisae differ in an integer number. And the flat torus that is obtained from the plane by identifying those points such that both their abscisae and ordinates differ in an integer number. With the metric obtained from this definition, the geodesics joining two points in both surfaces can be identified with the segments in the plane joining a fixed representative of one of the points and all of the representatives of the other point. We say that generatrices {(x, y) : x = x_0} and {(x, y) : x = x_0 + 1/2} (parallels{(x, y) : y = y_0} and {(x, y) : y = y_0 + 1/2}) are opposite generatrices (parallels).

Using this representation, we can define the strip of a set of points P = {(x_1, y_1), (x_2, y_2), . . . , (xn, yn)} in the cylinder with y_1 ≤ y_2 ≤ . . . ≤ yn as the open strip O delimited by the maximal circles in the extreme points of P with respect to the ordinates (O = {(x, y) : y_1 < y < yn}). Equally, we define the h-top of P as the maximal circle {(x, y) : y = yn} if yn�1 = yn or the single point (xn, yn) otherwise (equivalently the h-bottom ). And the m-top of P as the minimal arc containing all points of P with the ordinate yn if that arc is shorter than a half of the circle or the whole maximal circle if that arc is greater than a half of the circle or the single point (xn, yn) otherwise (equivalently the m-bottom ).

1Dpt. Matemática Aplicada I. Facultad de Informática. Universidad de Sevilla. Avda.

Reina Mercedes s/n. 41012-Sevilla (Spain). f dana – almar g@cica.es.

2Dpt. Matemática Aplicada I. EUITA. Universidad de Sevilla. Carretera de Utrera km. 1.

41013-Sevilla (Spain). grima@cica.es.

Then, following [2], for a given surface S, we can say that C ⊆ S is hyperconvex if given two points of C all geodesics in S joining those points are contained in C. And, as usual, given a set P of points in S, the hyperconvex hull of P is the smallest hyperconvex set containing P .

In general, this definition is too stringent as the following theorem shows

Theorem 1 The hyperconvex hull of a set P of two or more points on S is the open strip delimited by the points P union the h-top and the h-bottom of P if S is the cylinder or the whole surface if S is the torus.

In the theorem above, the convex hull of a set of points is too big, thus it is convenient to use another definition of convex. Then, as Hopf-Rinow’s Theorem [5] proves that there exists always the shortest geodesic joining two points, we can define as in [6] that C ⊆ S is metrically convex if given two points of C the minimum geodesic in S joining those points is contained in C. And, as usual, given a set P of points in S, the metrically convex hull of P is the smallest metrically convex set containing P .

It is possible to give the following characterizations of the metrically convex hull

Theorem 2 The metrically convex hull of a set of N points P in the cylinder is 1. The convex hull of P in the plane if P is contained between two oppossite generatrices.

2. The open strip delimited by the points P union the m-top and the m-bottom of P otherwise.

Moreover, this metrically convex hull can be computed in O(N log N ) time in the first case and in linear time in the second case, and it can be decided in which one of the cases we are in linear time.

Theorem 3 The metrically convex hull of a set of N points P in the torus is

1. The convex hull of P in the cylinder if P is contained between two oppossite generatrices or two opposite parallels.

2. The whole torus otherwise.

Moreover, it can be decided in which one of the cases we are in linear time.

Observe that although the complexity in the worst case is the same as in the plane, in most of the situations the points will be in the second case of Theorems 2 and 3 , in fact

Proposition 1 If N points are chosen uniformly and independently at random from a cylinder (torus), they will be in the second case of Theorem 2 (Theorem 3) with a probability P = 1 − N/(2N�1).

Thus, Proposition 1 says that in most of the cases it is possible to compute the metrically convex hull in linear time, but in those cases the convex hull so obtained is too big, in fact with the probability given in Proposition 1 the hyperconvex hull and the metrically convex hull will agree.

References

[1] S.G. Akl and G.T. Toussaint, Efficient convex hull algorithms for pattern recognition applications, Proc. 4th Int’l Joint Conf. on Pattern Recognition. (Kyoto, Japan), 1978, pp. 483–487.

[2] L. Danzer, B. Grunbaum, and V.L. Klee, Helly’s theorem and its relatives, Proc. Symp. Pure Math. VII (Providence, R.I.), American Mathematical Society, 1963.

[3] H. Freeman, Computer processing of line-drawing images, Comput. Surveys (1974), no. 6, 57–97.

[4] H. Freeman and R. Shapira, Determining the minimun-area encasing rectangle for an arbitrary closed curve, Comm. ACM. 18 (1975), no. 7, 409–413.

[5] H. Hopf and W. Rinow, Über den Begriff der vollständigen differentialgeometrischen Fläche, Comentarii Math. Helvetici (1931), no. 3, 209–225.

[6] K. Menger, Urtersuchungen über allgemeine Metrik, Math. Ann. (1928), no. 100, 75–163.

[7] J. O’Rourke, Computacional geometry in C, Cambridge University Press, 1994.

[8] A. Rosenfeld, Picture processing by computers, Academic Press. NY., 1969.

[9] J. Sklansky, Measuring concavity on a rectangular mosaic, IEEE Trans.

Comp. C-21 (1972), 1355–1364.