Geometric Tree Graphs

C. Hernando^1 F. Hurtado^2 A. Márquez^3 M. Mora^2 M. Noy^2

Given a connected graph G, the tree graph T (G) is defined as the graph having as vertices the spanning trees of G, and edges joining two trees T_1 and T_2 whenever T_2 = T_1 − e + f for some edges e and f. Tree graphs enjoy a number of important properties, like being Hamiltonian [2, 6] and having maximum connectivity [8]. Additional results on tree graphs have been obtained recently [4].

Here we consider a geometric version of the problem. Given a set P of points in the plane, let T (P ) be the set of non-crossing spanning trees of P (edges are straight line segments and do not cross). We define the geometric tree graph T (P ) as the graph having T (P ) as vertices and the same adjacencies as in combinatorial tree graphs, that is, two non-crossing spanning trees T_1 and T_2 of P are adjacent if T_2 = T_1 − e + f. Geometric tree graphs have appeared previously in the work of Avis and Fukuda [1] as a tool for enumerating spanning trees. They show that T (P ) is connected for any point set P in general position and has diameter bounded by 2n − 4 if n = |P |.

In this paper we concentrate on the combinatorial properties of the graphs T (P ) in the case where P is a point set in convex position. For any n ≥ 2, let Gn be the geometric tree graph of a set of n points in convex position. As mentioned above, we know that Gn is a connected graph and has diameter at most 2n − 4. It is also known [3, 9] that it has 1 2n�1^{�3n}

�3_n �1^� vertices, and that every geometric tree graph of n points has at least this many

vertices [5]. We finally remark that, using results from [4], one can obtain tight bounds for the chromatic number of Gn.

In this paper we have obtained a number of new results about the graphs Gn. They are summarized in the list below.

1. The diameter of Gn is at least 3n/2 − 5.

2. The center of Gn (the set of vertices of minimum eccentricity) has 2n elements, the n stars and the n paths having all its edges on the convex hull.

3. The group of automorphisms of Gn is the group Dn of symmetries of a regular n-gon.

1U. Politècnica de Catalunya, Dept. Matemàtica Aplicada I, Diagonal, 647, 08028 Barcelona. 2U. Politècnica de Catalunya, Dept. Matemàtica Aplicada II, Pau Gargallo, 5, 08028 Barcelona. 3Facultad de Informática, U. de Sevilla, Av. Reina Mercedes s/n, 41012 Sevilla.

4. The vertex-connectivity of Gn is equal to the mininum degree, which in turn is equal to 2n − 4.

5. The graph Gn is Hamiltonian.

The main tool in proving the last two results is a recursive construction of the graphs Gn, in which a tree T in Gn gives rise to

�d+2 2 � different trees in Gn_{+1}, where d is the degree of the n-th vertex in T . This kind of construction has proved useful in solving similar problems for graphs of triangulations instead of tree graphs [7].

Acknowledgment

This work has been partially supported by Grant UPC PR9410.

References

[1] D. Avis and K. Fukuda, Reverse search for enumeration, to appear in Discrete Applied Math.

[2] H. Cummings, Hamilton circuits in tree graphs, IEEE Trans. Circuit and System Theory 13 (1966), 82-90.

[3] S. Dulucq and J.G. Penaud, Cordes, arbres et permutations, Discrete Math. 117 (1993), 89-105.

[4] V. Estivill-Castro, M. Noy and J. Urrutia, New results on tree graphs (manuscript in preparation).

[5] A. García, M. Noy and J. Tejel, Lower bounds on the number of crossing free subgraphs of Kn, in Proc. 7th Canadian Conf. on Computational Geometry (1995), 97-102 (also to appear in Computational Geometry: Theory and Applications).

[6] C.A. Holzmann and F. Harary, On the tree graph of a matroid, SIAM J. Appl. Math.

22 (1972), 187-193.

[7] F. Hurtado and M. Noy, The graph of triangulations of a convex polygon, Tech. Rep.

MA2-IR-94-13, Universitat Politècnica de Catalunya, (an abstract has appeared in Proc. ACM Symp. on Computational Geometry 1996, C7-C8).

[8] G.Z. Liu, Paths between vertices in a tree graph, System Science and Math. Science 5 (1992), 453-459.

[9] M. Noy, Enumeration of non-crossing trees, Proc. 7th Conf. on Formal Power Series and Algebraic Combinatorics 1995, 465-472.