Combinatorial Structure of Dirichlet Partitions

D. Bochis^�, M. Mazón^y Universidad de Cantabria, Facultad de Ciencias, Departamento de Matemáticas, Estadística y Computación, Av. de los Castros s/n, 39071 Santander, SPAIN

1 Abstract

Any finite set S of n points on the plane gives rise to a cellular decomposition of the plane called the Voronoi partition. It is one of the most useful construction associated with such a configuration of points and several algorithms that compute this geometrical structure are well-known. [4]

Infinite sets of points, if they are discrete, also define a partition of the plane ([1]), but can not, in general, be computed, as the known algorithms deal only with finite sets of points.

In the particular case that this infinite set is of the form GS, with G a crystallographic group and S a finite set of points then, due to the periodic structure of the set, the Voronoi partition has also a periodic structure and can be computed by computing only the Voronoi partition of a certain finite subset of GS [3].

We have implemented the algorithm ([3]) which computes periodic Voronoi partition in the plane.

When the set S reduces to one point, the resulting Voronoi partition V or(GP ) is a Dirichlet partition . Each Voronoi region DgP corresponding to gP, g ∈ G is called a Dirichlet domain with center gP .

If P has trivial stabilizer (gP ≠ P, ∀g ∈ G \ {e} ) then it happens that the corresponding Dirichlet domain DP is a fundamental domain for the crystallographic group G ([5]).

Usually, a crystallographic group is given by means of a set of generators. Moreover, a certain fundamental domain is also fixed “a priori”.

�dacib@matesco.unican.es ymarisa@matesco.unican.es

In this work in progress we study all possible combinatorial structures of Dirichlet domains according to the position of the point P inside a given fundamental domain. In this way we also find all the combinatorial types of Dirichlet domains for crystallographics groups in the plane which are fundamental domains.

For instance, let us consider the crystallographic group p4 having the fundamental domain the quadrilateral ABCD. We have 3 types of Dirichlet domains for this group, according to the position of the generator point P inside ABCD.

1. Fig. 1. - P is on the border of ABCD then the Dirichlet domain is a triangle .

2. Fig. 2. - P is on the diagonal BD then Dirichlet domain is quadrilateral.

(ABCD)

3. Fig. 3. - neither of the above cases then the Dirichlet domain is pentagon.

It is only known that the number of edges of a Dirichlet domain is at most 6 ( [5] ). We intend to study the variation in number of edges when moving the generator point P .

Fig. 1 P is on the border of ABCD, then the shaded triangle is the Dirichlet domain.

Fig. 2 P is on the diagonal which pass through the 4-center, then ABCD is the Dirichlet domain.

Fig. 3 arbitrary position (neither of the above cases) then the shaded pentagon is the Dirichlet domain.

References

[1] P. E. Ehrlich and H. C. Im Hof. Dirichlet regions in manifolds without conjugate points. Comment. Math. Helvetici 54, 642-658 (1979).

[2] G. E. Martin. Transformation Geometry. Springer-Verlag, (1982).

[3] M. L. Mazón, T. Recio. Infinite periodic Voronoi diagrams and the computation of Voronoi diagrams in the euclidean and spherical two-orbifolds. Computational Geometry and its Applications. (to appear)

[4] A. Okabe, B. Boots, K. Sugihara. Spatial Tessellations. Concepts and Applications of Voronoi Diagrams. John Wiley & Sons, (1992).

[5] E. B Vinberg. Geometry II. Spaces of Constant Curvature. Springer-Verlag, (1993).