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Abstract

Suppose that a road map is given in which each road is

associated with the time it takes to traverse it. How-

ever, this road map is unreliable; some of the roads

might be unsuitable for travel at certain times, and

such blockage would be revealed only upon reaching an

adjacent site. The Canadian Traveller Problem is to de-

vise a travel strategy that would guarantee a good path

between two sites given this uncertainty. l?apadirn-

itriou and Yannakakis proved that if the number of

roads that might be blocked is not fixed, then devising

a strategy that guarantees a given competitive ratio

is PSPACEcompIete. In this paper, we study several

variations of this problem.

●

●

●

In the Recoverable Canadian Traveller Problem, each

site is associated with a recovery time to reopen an,y

blocked road that is adjacent to it. We present a

polynomial-time travel strategy that guarantees the

shortest worst-case travel time, in the case where an

upper bound on the number of blockages is known

in advance, and the recovery times are not, long rel-

ative to the travel times.

In the stochastic variation of the Recoverable CanaL-

dian Traveller Problem, each road is associated with

an independent probability y of being blocked. For

this problem, we present a polynomial-time strat-

egy that minimizes the expected travel time, in the

case where the recovery times are not long relative

to the travel times.

Another variation considered is the k-Canadian

Traveller Problem. Here, an upper bound, k, on
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the number of blocked roads is given as a param-

eter. We present a travel strategy that guarantees

the shortest worst-case travel time. The time com-

plexity of devising this strategy is polynomial for

any constant k. On the other hand, we prove that

devising such a strategy when k is non-constant is

PSPACE-complete.

A “dual” problem to the Canadian Traveller Prob-

lem is the k-Vital Edges Problem. Given a road map

and two specified sites, find k roads whose blockage

would maximize the increase in the travel time be-

tween the two sites. We prove that this problem is

NP-hard, even when the travel time of all the roads

is constant.

The Canadian Traveller Problem and its variations can

be viewed as routing problems. In many communica-

tion networks messages routing is done according to

an outdated topology of the network. Our algorithms

could replace existing routing schemes to achieve more

robust routing.

1. introduction

This paper considers several problems related to

the Canadian Traveller Problem (CTP). The CTP

has been introduced in [PY89] and is defined as

follows: Suppose that a traveller has to go from

site s to site t. The traveller knows a graph (a

map) G(V, E), where the set of nodes V corre-

sponds to the set of sites, and the set of edges

1? corresponds to the set of roads between sites.

In addition, each edge e c E is associated with
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a non-negative real length l(e) interpreted as the

time it takes to traverse the road e. However, this

map is unreliable; some of the roads may be un-

suit able for travel at certain times (e.g., blocked

by snowfall), and such blockage of a road would be

revealed only upon reaching an adjacent site. The

problem is to devise a travel strategy that results

in an optimal travel (according to some predefine

measure) from s to t given this uncertainty.

The main difficulty in devising a good travel

strategy stems from the on-line nature of the prob-

lem; decisions have to be made based on partial in-

formation with no knowledge of future blockages.

Notice that devising an off-line travel strategy is

simple: when all road blockages are known in ad-

vance, the optimal travel strategy is given by the

shortest path from s to t.

The design of algorithms for on-line prob-

lems received a lot of attention recently (see, e.g.,

[ST85, MMS88, BCR87, PY89]). The quality of

an on-line algorithm is usually measured based on

two alternate criteria. The first criterion is the

competitive ratio of the algorithm [S T85]: the ra-

tio of the performance of the on-line algorithm to

the performance of the off-line algorithm for the

same instance. The second criterion is the tradi-

tional worst-case performance [BB90]. The differ-

ence between these two criteria in our problem is

demonstrated by the following example. Suppose

that the traveller has to go from Victoria to Que-

bec. Assume that in one possible scenario the off-

line strategy results in ten days travel, while in an-

other possible scenario the off-line strategy results

in two days travel. Following the competitive ra-

tio criterion, the traveller would prefer an on-line

strategy that guarantees twenty days travel in the

first scenario as long as this strategy guarantees

four days travel in the second scenario. Following

the worst-case criterion, the traveller would pre-

fer a strategy that aSways results in fifteen days

travel. It seems that each one of these criteria

may be useful under some circumstances.

For the CTP, Papadimitriou and Yannakakis

[PY89] showed that devising an on-line algorithm

with a bounded competitive ratio is PSPACE-

complete. The problem remains hard even when

a blockage probability for each road is given in

advance.

In this paper we consider the worst-case crite-

rion. We study several variations of the CTP. The

first variation is the Recoverable Canadian Traveller

Problem (Recoverable-CTP). In the original prob-

lem, once a road is blocked, it remains blocked

forever. In the Recoverable-CTP, blocked roads

may be reopened. Specifically, each node z c V

is associated with a non-negative real time l(z, Z)

interpreted as the recovery time of edges adjacent

to x. Whenever the traveller, at a node z, finds

a blocked edge e, he/she can either use another

edge or wait l(z, x) time and then use e (provided

that e is not found to be blocked again). Note that

the CTP is a special case of the Recoverable-CTP,

where all the recovery times are very large.

We consider deterministic and stochastic vari-

ations of the Recoverable- CTP. In the determini-

stic variation, we assume that the number of

road blockages that might occur during a travel

is bounded. Observe that if we drop this assump-

tion, there is no point in waiting for reopening of

a road, since as soon as a road is reopened it may

become blocked again. In the stochastic variation

each edge e E E is associated with a probability

O S p(e) < 1, interpreted as the blockage proba-

bility of road e. Each time the traveller reaches

one of the adjacent sites of road e, the probability

of finding this road blocked is p(e).

Next, we study the k-Canadian Traveller Prob-

lem (k-CTP). In this problem, as in the original

problem, blocked roads cannot be reopened. The

difference is that in the k-CTP, the maximum

number of road blockages that may occur is given

as a parameter. Notice that the CTP is a special

case of the k-CTP, when this parameter is taken

to be the number of edges. The rationale for con-

sidering the k-CTP is that usually this parameter

may assumed to be small relative to the number of

edges. We note that it is common to parametrize

the number of failures in fault tolerant problems

(e.g., the Byzantine Generals Problem [PSL80]).
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A problem that is “dual”, in some sense, to

thek-CTP isthe k-Vital Edges Problem (k-VEP)

defined as follows (see [CS82, BGV89, MMG89]).

Given a weighted graph G(V, E) with two spec-

ified nodes s and t, and a parameter k, find k

edges whose removal from the graph woul~d max-

imize the increase in the shortest path between s

and t. The blockage of these edges result in the

worst-case scenario for the off-line k-CTP defined

above. It was not known whether the k-VEP is

in P. In [MMG89] a polynomial-time algorithm is

described for the 1-VEP. The exponential time al-

gorithm for the k-VEP that is described in the

same paper seems to be false.

We present the following results:

The stochastic Recoverable-CTP: let n and m be

the number of nodes and edges in G. We present

an O (m log n) time algorithm for designing a

travel strategy from all sites to a fixed destina-

tion that guarantees the shortest expected travel

time, under the assumption that 1(z, z) s l(e),

for any e adjacent to z.

The deterministic Recoverable-CTP: let k be the

bound on the number of road blockages. ‘We give

an O ((k2m + kn log n)) time algorithm for design-

ing a travel strategy from all sites to a fixed des-

tination that guarantees the shortest worst-case

travel time, under the assumption that 1(z, z) S

t(e), for any e adjacent to x.

The k-CTP: let k be the bound on the number

of blockages that may occur during a travel. We

prove that for arbitrary k the problem of design-

ing a travel strategy that guarantees the shortest

travel time is PSPACE-complete. For k = 1, we

give an O(m + n log n) time algorithm for design-

ing this strategy. This algorithm can be extended

to give a polynomial-time travel strategy for any

constant k.

The k-VEP: we prove that the corresponding deci-

sion problem is strong NP-complete; that is, NP-

complete even for unit edge lengths.

We note that all our results can be extended

to directed graphs, and to the case where nodes

can be blocked too.

The Canadian Traveller Problem and its vari-

ations can be viewed as an abstraction for some

routing problems. In many communication net-

works, the rout ing of messages is done along the

shortest paths according to local knowledge of the

topology of the network. (See, e.g. the rout-

ing scheme of ARPANET [MRR80, Ros80].) The

topology of the network is updated periodically. If

the topology does not change between periodical

updates, then such a routing scheme is optimal.

Each message is sent along the shortest path from

its source to its destination. However, things may

become worse if even one link fails. Solving the

Recoverable-CTP and the k-CTP result in more

robust rout ing schemes for such networks. For ex-

ample, applying our solution to k-CTP would re-

sult in a routing algorithm that achieves the short-

est worst-case arrival time of a message in case

up to k links are disconnected between two pe-

riodical topology updates. (On the other hand,

nothing is guaranteed when more than k links are

disconnected.) The solution to the Recoverable-

CTP can be used in networks where the time of

recovering a crashed node in the network is known.

2. The stochastic Recoverable-CTP

In this section, we present a travel strategy for the

stochastic Recoverable- CTP. In this problem, each

edge, e ~ E, is associated with a length l(e) and a

blockage probability y p(e). Each time the traveller

at z tries to traverse the edge e, the probability

that e is not blocked is 1 – p(e), where all these

probabilities are independent. If e is blocked, the

traveller may either try to proceed along some

other edge or wait l(z, z) time for the recovery of

e. Our solution is based on the assumption that

1(z, z) < 1(z, y), for all neighbors y of z. We leave

open the question whether this assumption could

be relaxed.

Fix a destination node t.Without loss of gen-

erality, we can view the operations taken by the

traveller at z in any travel strategy as composed of

several phases. In each phase the t raveller uses a
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priority list xl, X2, . . . . xj of x’s neighbors. When

the phase starts, the traveller tries to traverse the

edge (z, xl), if (x, xl) is blocked, the traveller tries

to traverse the edge (x, Z2), and so forth. If all the

trials fail, the traveller remains at z and the next

phase starts. Notice that given all the priority lists

and the expected travel time from Zi to t, for the

Zis in all the lists, the expected travel time from

x to t can be computed.

Next, we prove some properties of optimaJ

travel strategies. To break symmetry, the strate-

gies we consider obey the following rules: (i) For

a node z, if remaining at z or traveling to some

neighbor of x result in the same expected travel

time, then the traveller would prefer to remain

at Z. (ii) An arbitrary order is imposed on the

neighbors of Z. If g precedes z in this order, and

traveling from z to either y or z results in the same

expected travel time, then the traveller would pre-

fer to travel to y.

The first lemma states that if a traveller going

from z to t arrives at y with some positive prob-

ability, then a traveller going from g to t cannot

arrive at x. To formalize this we need the follow-

ing definition.

Definition 1: Let R be an optimal travel strat-

egy. Define the directed graph GR(V, ER) as fol-

lows. For each undirected edge (x, y) ● E, the

directed edge (Z 4 y) is in E~ if y is in some

priority list of x.

Lemma 2.1: The directed graph GR is acyclic

(dag).

Proof: (sketch) Let 13(z) denote the expected

travel time from z to t. Assume to the con-

trary that there exists a cycle in GR, and let

(z ~ y) be an edge on such a cycle. We claim

that E(Z) > E(y). To see this, suppose that

E(Z) < l?(y). Define O < P.g to be the proba-

bility that a traveller going from z to t arrives at

y. Hence, for some L,

Consider the travel strategy in which the traveller

remains at z instead of traveling to g (in the first

time it arrives x). Then, the expected travel time

is

Since 1(z, x) < 1(z, y) and E(z) s E(y) it follows

that E(Y) > E’(z). This contradicts the optimal-

ity of R. We conclude that E(x) > E(g). Since

the claim holds for any edge on the directed cy-

cle go ~ yl ~ . . . j yn 4 y. it follows that

E(yO) > E(yI) > “ . . > E(yk) > E(go); a contra-

diction. ❑

Letzl, . . ..z~ be the sequence of the neighbors

of x for which E(zi) < E(z), sorted in increasing

ordered according to 1(z, Zi) + E(zl) (ties are bro-

ken by the predefine order). Next, we prove that

the priority lists are prefix of this sequence.

Lemma 2.2: Any priority list of x in R is a prefix

of the above sorted sequence.

F’rooj: (sketch) Suppose that Zi appears before Xj

in the priority list. We claim that i < j. Other-

wise, the expected travel time can be decreased by

exchanging xi with Xj in the list. Now, consider

the i-th node in the priority list of x. We claim

that this node is x;. Assume to the contrary that

i is the minimal index such that the i-th node in

the list is ~j for some j > i. Then, either omitting

z ~ from the list, or adding z; before zj decreases

the expected travel time; a contradiction to the

optimality of the strategy. ❑

The proof of the following lemma will be pre-

sented in the full version.

Lemma 2.3: There is an optimal travel strategy

in which for each node all its priority lists are iden-

tical.

Following the above lemmata, the priority list

of z, and consequently E(z) is computed as fol-

lows. Suppose that E(zi) is known for all the

k neighbors of z for which E(q) < E(z). Let

pi = P(z, zi), q; = 1 – pi. Let l’o = 1, and
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f’i = n~=lpj, for i = 1,. ... k. Define a; =

~~=1 ~.i-lq~(~($, zj)+E(xj)). Given that the pri-

ority list of node z consists of the first h edges, the

expected travel time is

Thus, we choose h to be the index minimizing this

value. It can be shown that this is the minimum

index h for which

Also, it can be shown that if

Consequently, h can be found by a binary search.

The computation of the priority lists is done

by a labeling algorithm analogue to Dijkstra’s al-

gorithm for finding shortest paths [Dij59], In the

algorithm, a set L of labeled nodes is maintained.

For each z 6 L, its priority list and _E(z) are

known. Initially, L = 0. For each node z E V – L,

there is a tentative priority list which is tlhe opti-

mal list among all lists consisting only of nodes in

L. Given this tentative list, tentative – E(z), the

expected travel time to t given the tentative prior-

ity list, is computed. Initially, tentative–l?(t) = O

and tentative – E(z) for each z 6 V - {t} is set to

infinity. Each iteration of the algorithm consists

of two steps: a labeling step and an updating step.

Labeling step: Find the node x with the minimum

tentative – E(x), and add it to L making its ten-

t ative values final.

Updating step: Let Adj(x) be the set of nodes ad-

jacent to x. For each y c Adj(z) – L check if in-

serting the edge (y, z) to its priority list improves

its tentative expected travel time. If so, update its

values accordingly. Specifically, insert the node z

to the sorted list of the neighbors of y, according

to the value of 1(Y, x) + ~(x). Then, find the pre-

fix of this list that gives the best expected travel

time.

The algorithm terminates when all the nodes

are labeled; that is when L = V.

We omit the proofs of the following correctness

and optimality lemmata.

Lemma 2.4: For any node x, the expected travel

time from x to t in the above travel strategy is

E(x) as computed by the algorithm.

Lemma 2.5: h any travel strategy and for any

node x, the expected travel time from x to t is

greater or equal to E(x).

Complexity: The labeling algorithm can be imple-

mented using Fibonacci heaps [FT87]. However,

the updating step takes O(log n) per edge. We

get that the complexity of the implementation is

O(m log n) time for a fixed destination t.

3. The deterministic Recoverable-CTP

Suppose that we are given a graph G(V, 1?) with a

non-negative length l(e) associated with each edge

e 6 E and a non-negative recovery time Y(x, x)

for each node z c V, where 1(z, x) ~ l(e), for

any edge adjacent to x. In this section, we de-

scribe a travel strategy that solves the determinis-

tic Recoverable-CTP, whereat most k edges might

be blocked, for some fixed parameter k. Our strat-

egy has the best performance among all possible

on-line travel strategies and can be computed ef-

ficiently.

Fix some destination t. Consider the case k =

O, i.e., no edge can be blocked. Then, when the

traveller arrives at a node z, the best performance

is achieved by proceeding along the first edge in a

shortest path from x to t.

Assume now that k > 0. We compute the

travel strategy recursively. That is, to compute

the k-th travel strategy we assume that all the
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strategies for O s i < k have been already com-

puted. Let dist(i, ~), O s i < k, be the worst-case

travel time from z to t given that at most i edges

may be blocked. Suppose that the traveller aim-

ing to t arrives at x. We distinguish between two

cases.

CASE 1: h blocked edges have been discovered be-

fore arriving z, for some 1 ~ h ~ k. Our

assumption that the recovery time is shorter

than the time it takes to traverse any edge ad-

jacent to the endpoint of a blocked edge guar-

antees that on the arrival to x all the discov-

ered blocked edges are recovered. Because of

this, and since only k – h additional edges can

be blocked, the strategy for k – h (that has

been computed in the recursion) can be used.

CASE 2: No edges have been blocked so far. In

this case, the traveller checks how many edges

adjacent to x are blocked. If no edge is found

to be blocked then he/she traverses some edge

(z, x$)). We call this edge the primary edge

of x.

Suppose that i edges are found to be blocked,

for some 1< i < k, then the traveller has two

possibilities: (i) The traveller may wait at z

for the recovery of its adjacent edges causing

an addition of /($,x) to the travel time. After

the waiting the travel strategy for k – i is used.

(ii) The traveller may traverse some unblocked

edge.

The strategy is given by a list of h + 1< i+

1 ed es, called alternate edges, and denoted
f

(~, $J)), forj = O,..., h. If the list consists of

less than i+ 1 edges, then the last one must be

(z, x). (To make the length of each list i +1,

we define (Y,Z~+l) = “ - “ = (z, xi) = (x, z),

if h < i.) When the traveller finds i blocked

edges at Z, he/she selects the unblocked edge

(x, Z\~)) with the minimal index j. If this edge

is (z, x) then the t raveller waits at x, otherwise

it traverses the selected edge. Notice that at

least one edge in this list is not blocked.

First, we show how to compute the list of the

‘k) for any O <alternate edges (x, xf$),. . . . (x, *i,i ),

i ~ k. Given these lists the primary edges are

computed. If (z, y) is taken as the first alternate

edge, then the worst-case travel time from x to t

if this edge is used is /(x, g) + dist(k – i, y). Thus,

x$ is taken to be the node minimizing {1(x, y) +

dist(k – i, g)} over g E {z} U Adj(z). If x~fi =

z then the traveller remains at x. Suppose that
~(k)

,,a # z for all O < a < j ~ i. The j-th alternate

edge (x, z~~)) is given by the node ~$) minimizing

{l(z, Y) + dist(k - i,y)} over Y 6 {x} u Adj(x) -

‘k)} Notice that out of the i + 1 edges thatU{;:{xi,a .

has to be computed for each O s i s k, i have been

already computed in the recursion. To see this we

stat e the following lemma.

Lemma 3.1: The edge (x, x~~)) is the same as the

(k-l)) for 0< j < i – 1.
edge (z9 Oi–l,j ~

Now, we turn to describe how to compute the

primary edges. The worst-case travel time is given

either by not blocking any primary edges and thus

letting the traveller traverse the primary route, or

by blocking some edges of any intermediate node

x, causing the traveller to proceed along one of

the alternate edges of z or to remain at x. Using

this observation, it can be shown that dist(k, z),

i.e., the worst-case travel time from x is given by

maxf=o{f(z, z~~)) + dist(k – i, x~$))}. (Notice that

the worst-case for i blocked edges is given when all

the edges (z, z~~)), for O s j s i – 1, are blocked.)

The primary edge is the edge that minimizes this

maximum (ties are broken by some predefine or-

der).

We claim that the primary edges form a tree

similar to the shortest path tree. The values

primary(z) and dist(k, z), for all nodes z ~ v are

found by a labeling algorithm analogue to Dijk-

stra’s algorithm for finding shortest paths [Dij59].

In the algorithm, a set L of labeled nodes is

maintained; initially, L = 0. For each z = L,

dist(k, z) and pr-irna~y(z) are known. For each

z c V — L, tentative — dist(k, x) and tentative –

primary(z) are the tentative values for these vari-

ables. Initially, tentative – dist(k, t) = O and

tentative – dist(k, x ) is set to infinity, for each
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x 6 V– {t}, Each iteration of the algorithm con-

sists of two steps: a labeling step and an updating

step.

Labehng step: Find the node z with the mi:nimum

tentative – dist(k, z), and add it to L making its

tentative values final. (Note that t is the first to

join L.)

Updating step: For each y G Adj(x) – L, check if

making the edge (y, z) y’s primary edge improves

the tentative travel time from y. If so, update

y’s values accordingly. Specifically, for each such

vertex y, we check the worst-case travel time re-

sulting from using the primary edge (y, z). This

time is

max { /(y, z) + dist(k, z),

~j~{~(Y> Y!j)) + dWk – i, Yj$)):}

}?

where (y, y{~~), . . . W)
~(Y? Y~,h are the alternate edges

of y.

The algorithm terminates when all the nodes

are labeled; that is when L = V.

The proofs of the following correctness and op-

timality lemmata are omitted.

Lemma 3.2: lfp~irnary(z) is taken to be the pri-

mary edge of x, for each x E V, then, di<~t(k, x)

computed by the algorithm is the worst-case travel

time from z to t given that at most k edges may

be blocked.

Lemma 3.3: For any assignment of primary

edges and for each x E V, the worst-case travel

time given that at most k edges may be blocked

is greater or equal to dist(k, z).

Complexity: The algorithm for k, given the out-

put for O < i < k, can be implemented. using

Fibonacci heaps similar to Dijkstra’s algorithm

[FT87] in O(krrz + nlog n) time, for a fixed des-

tination t. This gives an overall time complexity

of 0(k2m + knlogn).

4. The

Suppose

267

k-Canadian !t’raveller Problem

that we are given a graph G(V, E) with

a non-negative length l(e) associated with each

edge e ~ E. In addition, we are given a parameter

k that bounds the number of edge blockages that

may occur during a travel. The k-CTP is to de-

vise a travel strategy that guarantees the shortest

worst-case travel time between two nodes s to t.

The main result of this section is the proof that

the problem of devising such a strategy for an ar-

bitrary k is PSPACE-complete. We also present

an efficient algorithm for devising a travel strat-

egy between all the nodes and some node t, for

k = 1. Our strategy has the best performance

among all possible on-line travel strategies. The

running time of this algorithm is the same as the

running time of the algorithm for computing the

shortest paths tree oft. Finally, we show how this

algorithm can be extended to an (exponential) al-

gorithm for arbitrary k.

Theorem 4.1: The k-Canadian Traveller Prob-

lem is PSPACE-complete.

Proof; (outline) The proof is by reducing the

Quantified Satisfiability problem (QSAT) to the

k-CTP. As in [PY89], the problem is viewed as a

game between a searcher and an adversary. We

show that the searcher can find a strategy that

guarantees a given travel time if and only if the

input quantified formula is satisfiable. The reduc-

tion is similar to the reduction that is described

in [PY89]. However, some non-trivially modifica-

tions are necessary. One of the reasons for this

is that in our problem the adversary has a bound

on the number of edges it may block. Thus, we

have to make sure that if the formula is not satis-

fiable, the adversary will still be able to block all

the short paths from s to t without blocking more

than k edges. ❑

Now, we briefly describe the algorithm for de-

vising a strategy for the k- CTP when k = 1. The

strategy is based on the following simple obser-

vation. Suppose that the t raveller is currently at

node x and she/he finds one of the edges (z, y) to
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be blocked. Then, since no more edges may be

blocked, the traveller may take the shortest path

from z to t in G(V, E – {z, y}). This observation

implies a way to compute the alternate edges: the

edges along which the traveller goes after an edge

has been already found to be blocked. It remains

to show how to compute the primary edges: the

edges along which the traveller goes when no edge

has been yet found to be blocked.

Definition 2: For F C E, let G(F) be the sub-

graph induced by the subset E – F. Define

shortest(F, x) to be the length of the shortest path

from z tot in G(F).

Suppose that

P = (s = Zo, zl), (zl, q),. . .,(%, %+1 = t)

is the path froms to t composed of primary edges.

This would be the path taken by the traveller if

no edge has been found to be blocked. Then, the

worst-case travel time is the maximum between

~f=o ~(zi, *i+I) and

The first term corresponds to the scenario where

no edge has been found to be blocked, while the

rest correspond to the scenarios where some edge

has been found to be blocked.

To find the primary edges that achieve the

shortest worst-case travel time, a labeling al-

gorithm is employed. For this, we compute

shortest({(z, y)}, X) for all x c V and (z, ~) ~ ~;

that is the shortest paths from all nodes z to t

in the graph resulting by blocking any edge ad-

jacent to z. All these computations can be done

in O(rn + n log n) time using Dijkstra’s algorithm

as implemented in [FT87], and some additional

Fibonacci heaps.

To get the algorithm for arbitrary k we need

the following definition.

Definition 3: For F L E, IFI < k, let dist(l’, z)

be the shortest worst-case travel time from x tot

that can be achieved when all the edges in F are

already found to be blocked and the total number

of blocked edges is at most k.

As in the previous section the strategy at each

node can be represented as a priority list of k

edges, the first of which is the primary edge. Sup-

pose that

P = (s = Lz@,zl), (zl, z2),.. .,(%, za+l = t)

is the path from s to t composed of primary edges.

Then, the worst-case travel time is the maximum

between ~~=o l(zi, oi+l) and

max {~l(zi–1, X;) + dist({(~j, ~j+l)}, zj)}.
O<j<a ~=1

Thus, the computation of the primary edges re-

quires the computation of dist({(z, y)}, z), for

each edge (z, y) G E. This requires, recur-

sively, the computation of dist({e, (z, y)}, z), for

all edges e E E. Overall, it requires the compu-

t ation of dist(F, z ) for all z ~ V and all subsets

F c E of size at most k, containing an edge adja-

cent to z, for all nodes z.

5. The k-Vital Edges Problem,

The k-Vital Edges Problem (k-VEP) is defined

as follows. Given a weighted graph G(V, E) with

two specified nodes s and t, and a parameter k.

Find k edges whose removal from G maximizes the

increase in the shortest path between s and t. In

this section, we prove that the k-VEP problem is

NP-hard.

Consider the decision problem corresponding

to the k-VEP problem. In the decision problem an

additional bound b is given. The goal is to decide

whether there are k edges whose removal from the

graph increases the shortest path between s to t

to be longer than b.

Theorem 5.1: The decision k-Vital Edges Prob-

lem is strong NP-complete.
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Figure 1: The graph G in the reduction from the Partition problem.

The proof is

sional Mat thing

by reducing the Three llimen-

Problem (3DM) to the decision

k-VEP where the input graph has unit weights.

The reduction is quite complicated and thus omit-

ted. Instead, a simpler theorem stating that this

problem is (weak) NP-complete is proved. Some

of the tools used in this proof are used in the proof

of Theorem 5.1.

Theorem 5.2: The decision k-Vital Edges Prob-

lem is NP-complete.

Proof: (sketch) The proof is by reducing the

Partition problem to the k-VEP problem. In

the Partition problem, the inputs are n plositive

numbers al, a2, . . . . an, and the goal is to decide

whether there exists a subset S of indices such

that ~ies a; = ~j~s aj.

Given an instance of the Partition problem, we

construct a corresponding instance of the decision

k-VEP such that the answer for the Partition in-

stance is positive if and only if the answer for the

corresponding k-VEP instance is positive. The

parameter k for this k-VEP instance is n and the

bound b is (n+ ~) E7=1 ai.

Figure 1 depicts the weighted graph G for

this instance. The label close to an edge denotes

its weight where all unlabeled edges have weight

zero. All the edges except those who are labelled

with zero cannot be disconnected. This is achieved

by multiplying these edges n + 1 times. The value

of Ill is ~~=1 a~.

Suppose that n edges are removed from G.

The following lemmata are given without abproof.

Denote the edge labelled with zero in the upper

layer of level i by e~P. Similarly,

in the lower layer by e~wn.

Lemma 5.3: If there exists a

denote this edge

level i in which

both e~p and e$’wn are not removed, then there

exists a path from s to t whose length is strictly

smaller than nitl.

Lemma 5.4: If there exists a level i in which

both e~p and e~wn are removed, then there ex-

ists a level j in which both e? and e$”wn are not

removed.

Lemma 5.5: If for each level i, either e~p or e~wn

are removed, then the length of the shortest path

from s tot is at least nk.f.

Corollary 5.6: In order for the shortest path to

be at least nM, exactly one edge out of e? and
edown

t has to be removed, for each level i.

Suppose that one edge out of e~p and e~wm is

removed, for each level i.

Lemma 5.7: The shortest path froms tot is con-

tained in either the upper layer or the lower layer.

Let F’UP be the shortest path froms to t that is

cent ained in the upper layer. Similarly, let PdOwn

be the path that is contained in the lower layer.

Let UP be the set of all levels i in which the edge

e~p is removed.

Lemma 5.8: The length of P”p is nM+~ieuP ai

and the length of PdOwn is nM + Xi@up ai.
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Corollary 5.9: The length of the shortest path

from s tot is nlf + min{~;~up ai, ZgUp ai}.

We conclude that the length of the shortest

path from s to t is at most b = nh? + ~ ~~=1 ai.

The length of this path is b if and only if there

exists a set UP such that ~a~up ai = ~ X7=1 ai;

that is, iff the Partition problem has a positive

answer. ❑
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